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Abstract
In this paper, by using the argument in [Q.F. Ma, S.H. Wang, C.K. Zhong, Necessary
and sufﬁcient conditions for the existence of global attractor for semigroup and application,
Indiana Univ. Math. J., 51(6) (2002), 1541–1559.], we prove that the condition given in [S.
Zhou, Attractors and approximations for lattice dynamical systems, J. Differential Equations
200 (2004) 342–368.] for the existence of a global attractor for the semigroup associated with
general lattice systems on a discrete Hilbert space is a sufﬁcient and necessary condition. As
an application, we consider the existence of a global attractor for a second-order lattice system
in a discrete weighted space containing all bounded sequences. Finally, we show that the global
attractor for ﬁrst-order and partly dissipative lattice systems corresponding to (partly dissipative)
reaction–diffusion equations and second-order dissipative lattice systems corresponding to the
strongly damped wave equations have ﬁnite fractal dimension if the derivative of the nonlinear
term is small at the origin.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
Lattice dynamical systems (LDSs) are spatiotemporal systems with discretization
in some variables including coupled ODEs (inﬁnite systems of ordinary differential
equations) and coupled map lattices (CMLs) and cellular automata [10]. Lattice systems
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arise in many different ﬁelds, chemical reaction theory [16], image processing and
pattern recognition [13,25], material science [8], biology [5], electrical engineering
[9,13,15], laser systems [17], etc. LDSs form a class of extended systems that is the
intermediate one between partial differential equations (PDEs) and cellular automata.
CMLs, in which the local phase space of each oscillator is a continuous set, has
recently undergone extensive investigation [21,22]. LDSs also form a class of models of
extended media in which the relations between temporal evolution and spatial translation
play a central role. LDSs possess their own form, in some case, they arise as spatial
discretizations of PDEs on unbounded (or bounded) domains. Lattice dynamical system
is an efﬁcient tool for analyzing space-time chaos. Recently, various properties of
the solutions for lattice dynamical systems have been studied by many authors, see
[1–4,6–8,11,12,17,19,20,23,28–30] and the references therein.
The global attractor for a semigroup is the maximal invariant compact set which
attracts every bounded set and is unique (if it exists), and the dynamics of the semigroup
in the corresponding phase space is completely described by the orbits on its global
attractor [26]. In recent years, the existence, semicontinuity and Kolmogorov’s ε-entropy
of the global attractor for lattice systems were studied in [4,6,19,23,28–30]. Usually,
for LDSs, it is not easy to describe the exact geometric structure of the attractor and
to estimate the dimension of the attractor because, generally, the attractor is inﬁnite-
dimensional. But for some special “strongly dissipative” lattice systems, their attractors
have ﬁnite fractal dimension, which implies that the attractor can be identiﬁed with a
compact set of ﬁnite-dimensional Euclidean space by a Hölder continuous mapping.
In this paper, by using the argument in [24], we prove that the condition given in
[30] for the existence of a global attractor for the semigroup deﬁned by lattice systems
on a discrete Hilbert space is a sufﬁcient and necessary condition. As an example of
applications, we consider the existence of a global attractor for a second-order lattice
system in a discrete weighted space containing all bounded sequences. Finally, we
show that the global attractor for ﬁrst-order dissipative lattice systems corresponding
to the reaction–diffusion equations in [4,29], partly dissipative lattice system in [23]
and second-order dissipative lattice systems corresponding to the strongly damped wave
equations in [30,28] have ﬁnite fractal dimension if the derivative of the nonlinear term
is small at 0.
2. Preliminaries
We recall some concepts related to the global attractor for a semigroup {S(t)}t0
on a complete metric space X and fractal dimension of a compact subset of X, and we
present two propositions concerning the existence of a global attractor and the estimate
of fractal dimension of a compact set (see [14,24,26] for detail).
Deﬁnition 1 (Temam [26]). A bounded subset B0 of X is called an absorbing set of
{S(t)}t0 if for every bounded set B ⊂ X, there exists a T (B) (depending on B) such
that S(t)B ⊆ B0 for all tT (B). A subset  is called a global attractor for {S(t)}t0
if  is a compact invariant set which attracts every bounded set in X, that is, (i) 
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is compact; (ii)  is invariant: S(t) = , for all t0. (iii)  attracts every bounded
set: for any bounded set B in X, dist(S(t)B,) ≡ supx∈B infa∈ d(S(t)x, a) → 0
as t → ∞, where d(·, ·) denotes the metric of X.
2.1. Existence of a global attractor for a semigroup on a Hilbert space
Proposition 1 (Ma et al. [24]). Let {S(t)}t0 be a continuous semigroup in a Hilbert
space X. Then {S(t)}t0 has a global attractor if and only if
(A) there exists a bounded absorbing set B0 ⊂ X of {S(t)}t0.
(B) {S(t)}t0 satisﬁes the following condition: for any ε > 0 and for any bounded
subset B of X, there exist a t (B) > 0 and a ﬁnite-dimensional subspace X1 (de-
pending on B, ε) of X, such that maxu∈B ‖PS(t)u‖ is bounded and maxu∈B ‖(I −
P)S(t)u‖ < ε for t t (B), where P : X → X1 is a bounded projector.
2.2. Fractal dimension of a compact set
Deﬁnition 2 (Chueshov and Lasiecka [14]). Let M be a compact set in a metric space
X. The fractal dimension dimf (M) is deﬁned by
dimf (M) = lim sup
ε→0
lnN(M, ε)
ln(1/ε)
,
where N(M, ε) is the minimal number of closed sets of the diameter 2ε covering M.
The importance of the notion of ﬁnite fractal dimension is illustrated by the following
property [18]: if M is a compact set in X such that dimf (M) < m/2 for some m ∈ N ,
then there exists an injective Lipschitz mapping L : M 	→ Rm such that its inverse is
Hölder continuous. This means that M can be placed in the graph of Hölder continuous
mapping which maps a compact subset of Rm onto M .
Proposition 2 (Chueshov and Lasiecka [14]). Let X be a separable Hilbert space and
M is a bounded closed set in X. Assume that there exists a mapping V : M 	→ X such
that M ⊆ VM and
(C) V is Lipschitz on M, i.e., there exists L0 > 0 such that
‖V v1 − V v2‖XL0‖v1 − v2‖X, v1, v2 ∈ M;
(D) there exist compact seminorms n1(x) and n2(x) on X such that
‖V v1 − V v2‖X‖v1 − v2‖X + K · [n1(v1 − v2) + n2(V v1 − V v2], v1, v2 ∈ M;
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where 0 <  < 1 and K > 0 are constants (a seminorm n(x) on X is said to be
compact if and only if n(xm) → 0 for any sequence {xm} ⊂ X such that xm → 0
weakly in X).
Then M is a compact set in X of a ﬁnite fractal dimension.
3. Sufﬁcient and necessary condition for the existence of a global attractor for
dissipative lattice systems
We present a sufﬁcient and necessary condition for the existence of a global attractor
for the semigroup {S(t)}t0 deﬁned by general lattice systems in a discrete Hilbert
space.
Let k ∈ N be a ﬁxed positive integer, Z denotes the set of integers. The discrete
Hilbert space
H0 = {u = (ui)i∈Zk |i = (i1, i2, . . . , ik) ∈ Zk, ui ∈ Rn, n ∈ N} (1)
endowed with the inner product (·, ·)0 and norm ‖ · ‖0 as
(u, v)0 =
∑
i∈Zk
〈ui, vi〉0, ‖u‖0 = (u, u)1/20 , u = (ui)i∈Zk , v = (vi)i∈Zk ∈ H0, (2)
where 〈·, ·〉0 is an inner product of Rn with induced norm | · |0. One example of such
space H0 is the weighted 2-space with weight function :
2 = {u = (ui)i∈Zk |i = (i1, i2, . . . , ik) ∈ Zk, ui ∈ Rn, n ∈ N} (3)
endowed with weighted inner product and norm:
(u, v) =
∑
i∈Zk
i〈ui, vi〉, ‖u‖ = (u, u)1/2 , u = (ui)i∈Zk , v = (vi)i∈Zk ∈ 2, (4)
where 〈·, ·〉 denotes the usual inner product of Rn, |ui |2 = 〈ui, ui〉, the weight function
x = (x) ∈ C(R;R+).
We consider the following lattice dynamical system with initial-value conditions in
a discrete Hilbert space H = H0 × H0 × · · · × H0 (the product of m H0):
{
u˙j = fj (u1,u2, . . . , um), uj = (uji)i∈Zk , t > 0,
uj (0) = (uji,0)i∈Zk ∈ H0, j = 1, 2, . . . , m, (5)
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where fj : H → H0, j = 1, 2, · · ·, m, satisfy some dissipative conditions. The space
H is endowed with the inner product (·, ·) and norm ‖ · ‖:
(u, v) =
m∑
j=1
(uj , vj )0, u = (u1, . . . , um), v = (v1, . . . , vm) ∈ H, (6)
‖u‖2 =
m∑
j=1
‖uj‖20, u = (u1,u2, . . . , um) ∈ H. (7)
First we assume that the solution u(t) = (u1(t), u2(t), . . . , um(t)) ∈ H of (5) exists
globally in R+ = [0,+∞), and maps of solution S(t) : u(0) → u(t) = S(t)u(0) ∈ H ,
t0 generate a continuous semigroup {S(t)}t0 on H. For the existence of a global
attractor of the semigroup {S(t)}t0 on H, we have the following theorem.
Theorem 1. The semigroup {S(t)}t0 possesses a global attractor  in H if and only
if the following two conditions hold:
(I) there exists a bounded set B0 ⊂ H (independent of i ∈ Zk) such that B0 is an
absorbing set for the semigroup {S(t)}t0;
(II) (Asymptotical end tail) ∀ε > 0, there exist T (ε) > 0, I (ε) ∈ N (maybe depending
on B0) such that the solution u(t) = (u1(t), u2(t), . . . , um(t)) ∈ H of problem (5)
with initial data u(0) ∈ B0, where uj (t) = (uji(t))i∈Zk ∈ H0, j = 1, 2, . . . , m,
satisﬁes
m∑
j=1
∑
‖i‖1>I (ε)
|uji(t)|20ε2, ∀ tT (ε), (8)
where ‖i‖1 = max1 jk |ij | for i = (i1, i2, . . . , ik) ∈ Zk .
Proof. The proof is based on the Proposition 1. We ﬁrst prove the sufﬁciency of the
conditions and then prove the necessity.
(a) (Sufﬁciency) Let conditions (I), (II) of Theorem 1 hold; we want to prove that
the semigroup{S(t)}t0 possesses a global attractor  in H. It is sufﬁcient to prove
that conditions (A) and (B) in Proposition 1 are satisﬁed.
(i) Condition (A) is directly obtained by (I), that is, {S(t)}t0 has a bounded ab-
sorbing set B0 (independent of i ∈ Zk) in H.
(ii) Let us consider condition (B). ∀ε > 0, let B ⊂ H be any bounded set of H, by
(i) and the deﬁnition of an absorbing set, there exists T1(B) > 0 such that
S(t)B ⊂ B0 for tT1(B). (9)
Then by condition (II), there exists T2(ε)T1(B) > 0 (here T2(ε) depends on ε, B,
B0, we can regard the time T1(B) as the initial time) and I (ε) (depending on B0) such
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that for any solution u(t) = (u1(t), u2(t), . . . , um(t)) ∈ H of problem (5) with initial
value u(0) ∈ B (by (8), u(T1(B)) ∈ B0), by (8), we have that
‖u(t)‖2 =
m∑
j=1
‖uj (t)‖20 max
u∈B0
‖u‖2 < ∞, ∀tT1(B), (10)
and
m∑
j=1
∑
‖i‖1>I (ε)
|uji(t)|20ε2, ∀tT2(ε)T1(B). (11)
For such I (ε) ∈ N , we set
X1=
{
v=(v1, . . . , vm) ∈ H :vj=(vji)i∈Zk |vji=
{
uji, ‖i‖1I (ε),
0, ‖i‖1 > I (ε), 1jm
}
, (12)
X2 =
{
w = (w1, . . . , wm)∈H :wj = (wji)i∈Zk |wji =
{
uji ‖i‖1>I (ε),
0, ‖i‖1I (ε), 1jm
}
,
(13)
then X1, X1 are two subspaces of H . It is easy to see that dim(X1) = [2I (ε)+1]km <
∞, that is, X1 is a ﬁnite-dimensional subspace of H , and
X1 ⊥ X2, H = X1 ⊕ X2. (14)
Thus, for any u = (u1, . . . , um) ∈ H , there exist unique v = (v1, . . . , vm) ∈ X1 and
w = (w1, . . . , wm) ∈ X2 such that
u = v + w, uj = vj + wj , j = 1, . . . , m (15)
and the projectors from H onto X1, X2 can be deﬁned as
P : H 	→ X1, I − P : H 	→ X2,
for any u ∈ X,
Pu = v ∈ X1, (I − P)u = w ∈ X2, (16)
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and
‖u‖2 =
m∑
j=1
‖uj‖20 = ‖v‖2 + ‖w‖2. (17)
Obviously, P is linear bounded projector.
By (9), we have
max
u∈B ‖PS(t)u‖ maxu∈B0 ‖Pu‖ supu∈B0
‖u‖ < ∞, ∀tT1(B), (18)
thus, maxu∈B{‖PS(t)u‖} is (uniformly) bounded for tT1(B)0.
On the other hand, by (9), (16) and (11), we have
sup
u∈B
‖(I − P)S(t + s)u‖  sup
u(s)∈B0
‖(I − P)u(s)‖ (∀tT1(B), s0)
= sup
u(s)=v(s)+w(s)∈B0
‖w(s)‖ (s0)
< ε, ∀sT2(ε)T1(B), (19)
thus,
sup
u∈B
‖(I − P)S(t)u‖ < ε, ∀tT2(ε) + T1(B), (20)
that is, condition (B) holds, by Proposition 1, the semigroup {S(t)}t0 possesses a
global attractor  in H .
(b) (Necessity) Let {S(t)}t0 possess a global attractor  ⊂ H ; then conditions (A),
(B) in Proposition 1 are satisﬁed. We want to prove that conditions (I), (II) hold.
By (A) in Proposition 1, condition (I) is true, i.e., there exists a bounded absorbing
set B0 ⊂ H for the semigroup {S(t)}t0.
Now we prove (II). For any ﬁxed ε > 0, by (B) of Proposition 1, for the bounded
absorbing set B0, there exists T0(B0) and a ﬁnite-dimensional subspace X1 of H (de-
pending on ε, B0) such that
max
u∈B0
‖PS(t)u‖c, ∀tT0(B0), (21)
sup
u∈B0
‖(I − P)S(t)u‖ < ε/2, ∀tT0(B0), (22)
where c > 0 is a positive constant (maybe depending on B0), P : H 	→ X1 is a
bounded projector.
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Let u(t) = (u1(t), u2(t), . . . , um(t)) = S(t)u0 ∈ H be a solution of initial value
problem (5) with u(0) = u0 ∈ B0. We want to prove that there exist T (ε) > 0 and
I (ε) > 0 such that the solution u(t) satisﬁes property (8).
Setting
Pu(t) = PS(t)u0 = v(t) = (v1(t), v2(t), . . . , vm(t)),
(I − P)u(t) = (I − P)S(t)u0 = w(t) = (w1(t), w2(t), . . . , wm(t))), t0, (23)
the solution u(t) can be decomposed into
u(t) = PS(t)u0 + (I − P)S(t)u0 = v(t) + w(t). (24)
Since X1 is a ﬁnite-dimensional subspace of H independent of t , let dim(X1) = N1(ε) <
∞. We can choose a normal basis of X1 as follows:
e1, e2, . . . , eN1(ε) ∈ X1 ⊂ H (25)
with properties
(es, el) = 0 (s = l), ‖el‖ = 1, (26)
el = (e1l , e2l , . . . , eml) ∈ H, ‖ejs‖01, s, l = 1, . . . , N1(ε).
Then for above v(t) ∈ X1 in decomposition (24), we have
v(t) =
N1(ε)∑
l=1
kl(t)el, k1(t), . . . , kN1(ε)(t) ∈ R, t0, (27)
thus
‖v(t)‖2 =
N1(ε)∑
l=1
k2l (t), ∀t0, (28)
i.e.,
k2l (t)‖v(t)‖2, ∀t0, l = 1, . . . , N1(ε). (29)
By inequalities (21), (22), we have
|kl(t)|‖v(t)‖ = max
u∈B0
‖PS(t)u0‖c, ∀tT0(B0), l = 1, . . . , N1(ε), (30)
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‖w(t)‖2 =
m∑
j=1
∑
i∈Zk
|wji(t)|20 < ε2/4, ∀tT0(B0). (31)
By (27),
vj (t) =
N1(ε)∑
l=1
kl(t)ejl, j = 1, . . . , m. (32)
Thus, by Cauchy–Schwarz inequality of the inner product in Rn, (30) and (32), the
norm of component vji(t) ∈ Rn, i ∈ Zk , of vj (t) ∈ H0 satisﬁes
|vji(t)|20 =
〈
N1(ε)∑
l=1
kl(t)ejl,i ,
N1(ε)∑
l=1
kl(t)ejl,i
〉
0
 N1(ε)
N1(ε)∑
l=1
k2l (t)|ejl,i |20
 N1(ε)c2
N1(ε)∑
l=1
|ejl,i |20, ∀tT0(B0). (33)
Again,
‖ejl‖20 =
∑
i∈Zk
|ejl,i |20‖el‖2 = 1, l = 1, 2, . . . , N1(ε), j = 1, . . . , m. (34)
So for any l ∈ {1, 2, . . . , N1(ε)}, there exists N˜l(ε) ∈ N such that
∑
‖i‖1>N˜j (ε)
|ejl,i |20
ε2
4mN21 (ε)c2
, ∀j = 1, . . . , m. (35)
Set
I (ε) = max{N˜1(ε), . . . , N˜N1(ε)(ε)} < ∞, (36)
then, by (35)
∑
‖i‖1>I (ε)
|ejl,i |20
ε2
4mN21 (ε)c2
, ∀l ∈ {1, 2, . . . , N1(ε)}, j = 1, . . . , m. (37)
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Thus, by (33) and (37), we have that for tT0(B0)
m∑
j=1
∑
‖i‖1>I (ε)
|vji(t)|20 
m∑
j=1
∑
‖i‖1>I (ε)
N1(ε)c
2
N1(ε)∑
l=1
|ejl,i |20
 N1(ε)c2
m∑
j=1
ε2
4mN1(ε)c2
<
ε2
4
. (38)
By (31),
m∑
j=1
∑
‖i‖1>I (ε)
|wji(t)|20 <
ε2
4
. (39)
By uji(t) = vji(t) + wji(t), we have
|uji(t)|20 = 〈uji(t), uji(t)〉02(|vji(t)|20 + |wji(t)|20),
hence, by (38) and (39),
m∑
j=1
∑
‖i‖1>I (ε)
|uji(t)|20 = 2
m∑
j=1
∑
‖i‖1>I (ε)
[|vji(t)|20 + |wji(t)|20]ε2, tT0(B0),
i.e., condition (II) holds. The proof is completed. 
4. Global attractor for second-order dissipative lattice dynamical system
In this section, as an application of Theorem 1, we consider the existence of global
attractor for the following second-order lattice dynamical system with bounded nonlin-
earity and initial value conditions:{
u¨i + (Au˙)i + hi(u˙i) + (Au)i + iui + fi(ui) = gi, i ∈ Zk, t > 0,
ui(0) = ui,0, u˙i(0) = u1i,0, i ∈ Zk, (40)
where u = (ui)i∈Zk , ui ∈ R, u˙ = (u˙i)i∈Zk , 0, i > 0, gi are given, hi , fi ∈
C1(R;R).
Assume that fi , hi , i satisfy
max
i∈Zk
sup
s∈R
|fi(s)|M0, |f ′i (s1) − f ′i (s2)|M1|s1 − s2|, M0,M1>0, s1, s2∈R; (41)
182 S. Zhou, W. Shi / J. Differential Equations 224 (2006) 172–204
hi(0) = 0, 0 < h′i (s) < +∞, ∀s ∈ R, i ∈ Zk; (42)
0 < 0i0 < +∞, ∀i ∈ Zk. (43)
The operator A is a non-negative and self-adjoint linear operator with decomposition
A = A1 + A2 + · · · + Ak,
and there exist bounded linear operators Dj , j = 1, . . . , k, which are deﬁned by
(Dju)i =
l=m0∑
l=−m0
dj,luijl , ∀u = (ui)i∈Zk , (44)
where ij l = (i1, i2, . . . , ij−1, ij + l, ij+1, . . . , ik) ∈ Zk , such that
Aj = D¯jDj = DjD¯j ,
|dj,l |c0 (constant), l = −m0,−m0 + 1, . . . , m0, j = 1, 2, . . . , k. (45)
If A is deﬁned by ∀i = (i1, i2, . . . , ik) ∈ Zk , u = (ui)i∈Zk ∈ 2,
(Au)i = 2ku(i1,i2,...,ik) − u(i1−1,i2,...,ik) − u(i1,i2−1,...,ik) − · · · − u(i1,i2,...,ik−1)
−u(i1+1,i2,...,ik) − u(i1,i2+1,...,ik) − · · · − u(i1,i2,...,ik+1), (46)
then Eqs. (40) can be regarded as a discrete analogue of the initial value problem of
the following continuous wave equation in Rk:
utt − ut + h(ut , x) − u + (x)u + f (u, x) = g(x), x ∈ Rk. (47)
The asymptotic behavior to Eq. (47) in unbounded domains have been widely studied.
For system (40), Zhou in [30,28] considered the existence of global attractor and its
upper semicontinuity for (u, u˙) ∈ 2 × 2; there the nonlinearity does not contain some
bounded functions, say, fi(u) = sin u and fi(u) = c (constant), but such functions
satisfy conditions (41). In this section, we will consider the existence of attractor of
(40) in a weighted space where the nonlinearity satisﬁes (41) by Theorem 1; in this
case, the attractor can contain the solutions with uniformly bounded components (if it
exists). The idea of introducing such a weighted discrete space originates from [6].
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4.1. Existence and uniqueness of solutions in weighted space
In this subsection, we present the existence and uniqueness of solutions for system
(40) which can be written as
{
u¨ + Au˙ + h(u˙) + Au + u + f (u) = g, t > 0,
u(0) = (ui,0)i∈Zk = u0, u˙(0) = (u1i,0)i∈Zk = u10, (48)
where u = (ui)i∈Zk , Au˙ = ((Au˙)i)i∈Zk , h(u˙) = (hi(u˙i))i∈Zk , Au = (Aui)i∈Zk , u =
(iui)i∈Zk , f (u) = (fi(ui))i∈Zk , g = (gi)i∈Zk .
Let us describe the space where we study our system. We introduce a weight function
(x) = (x, ) ∈ C(R;R+),  is a parameter, which satisﬁes:
(E) Let  = (i )i∈Zk , i = (‖i‖1) = (‖i‖1, ), i ∈ Zk; there exist constants c1, c2 >
0 such that
c1i = c1(‖i‖1)(‖i‖1 ± 1)c2i = c2(‖i‖1), i ∈ Zk. (49)
(F) There exist a1(), a2() > 0 (independent of i ∈ Zk) such that
|(‖i‖1 ± 1) − (‖i‖1)|a1()(‖i‖1), (50)
J () :=
∑
i∈Zk
ia2(), (51)
where limm→0 a1(m) = 0 for some sequence {m}m∈N of parameter .
Obviously, (x) = 1
(1+2x2)q , q > k/2, (appearing in [6]) and (x) = e−|x| [27] are
two such weight functions.
Let
2 =
⎧⎨⎩u = (ui)i∈Zk
∣∣∣∣∣∣ui ∈ R,
∑
i∈Zk
iu
2
i < ∞
⎫⎬⎭ (52)
be a Hilbert space equipped with the weighted inner product and norm:
(u, v) =
∑
i∈Zk
i〈ui, vi〉 = (u, v) = (u, v), (53)
‖u‖ = (u, u)1/2 , u = (ui)i∈Zk , v = (vi)i∈Zk ∈ 2. (54)
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It is possible to check that 2 contains all bounded sequences. For u = (ui)i∈Zk ,
v = (vi)i∈Zk ∈ 2, deﬁne bilinear forms as follows:
(u, v), = (u, v) =
∑
i∈Zk
iiuivi, ‖u‖2, =
∑
i∈Zk
iiu
2
i , (55)
{
(u, v),, = 
∑k
j=1(Dju,Djv) + (u, v),,
‖u‖2,, = (u, u),, = 
∑k
j=1 ‖Dju‖2 + ‖u‖2,,
(56)
where
 = 1 − ε0 ∈ [0, 1], ε0 min
{
1

,
0
22 + 40
}
. (57)
It is easy to check that the above three bilinear forms (·, ·), (·, ·), and (·, ·),,
in (53)–(56) are all the inner products on 2; moreover, the norms ‖ · ‖, ‖ · ‖, and
‖ · ‖2,, are equivalent to each other. In fact, by (43),
0‖u‖2‖u‖2, =
∑
i∈Zk
iiui
20‖u‖2. (58)
By (49),
cl1(‖i‖1)(‖i‖1 + l)(‖ij l‖1)(‖i‖1 − l)cl2(‖i‖1), l ∈ N, i ∈ Zk. (59)
Thus, Dj , Aj , A map 2 into itself, j = 1, · · ·, k,
‖Dju‖2 =
∑
i∈Zk
i (Dju)i
2 =
∑
i∈Zk
i
⎛⎝ l=m0∑
l=−m0
dj,luijl
⎞⎠2
 (2m0 + 1)kc20
∑
i∈Zk
l=m0∑
l=−m0
iu
2
ij l
 (2m0 + 1)kc20
∑
i∈Zk
l=m0∑
l=−m0
c
|l|
2 ij l u
2
ij l
 (2m0 + 1)2kc20cm02 ‖u‖2, (60)
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0‖u‖2  ‖u‖2,, =
∑
i∈Zk
⎛⎝ k∑
j=1
i (Dju)
2
i + iiu2i
⎞⎠
 ((2m0 + 1)2kc20cm02 + 0)‖u‖2. (61)
Then
2,, = (2, (·, ·),,, ‖ · ‖,,), E = 2,, × 2, (62)
are Hilbert spaces, and E is endowed with the inner products and norms for 	l =
(u(l), v(l)) = ((u(l)i ), (v(l)i ))i∈Zk ∈ E, l = 1, 2,
(	1,	2)E = (u(1), u(2)),, + (v(1), v(2)), (63)
‖	‖2E = (	,	)E = ‖u‖2,, + ‖v‖2, ∀	 = (u, v) ∈ E. (64)
System (48) is equivalent to the following initial value problem in E:
	˙+ C(	) = F(	), 	(0) = (u0, v0)T = (u0, u10 + ε0u0)T , (65)
where ε0 is deﬁned by (57),
	 = (u, v)T , v = u˙ + ε0u, F (	) = (0,−f (u) + g)T , (66)
C1(	) =
(
ε0u − v
Au + u − ε0Au + ε20u + Av − ε0v
)
, (67)
H(	) =
(
0
h(v − ε0u)
)
, (68)
C(	) = C1(	) + H(	). (69)
For u = (ui)i∈Zk ∈ 2, by (41), (42), (51),
‖f (0)‖2 =
∑
i∈Zk
i |fi(0)|2a2()M20 ,
‖f (u) − f (0)‖2 =
∑
i∈Zk
i |fi(ui) − fi(0)|2M21‖u‖2,
‖f (u)‖  M1‖u‖ +
√
a2()M0,
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‖h(v − ε0u)‖2 =
∑
i∈Zk
ih
′
i (
˜i (vi − ε0ui))2|vi − ε0ui |222(‖v‖2 + ε20‖u‖2),
thus, H , F map E into E. Similarly, F(	) − C(	) is global Lipschitz from E into
E. Thus, we obtain the following existence and uniqueness of global solution 	 for
problem (65).
Theorem 2. If (41)–(43) hold, then for any initial data 	(0) = (u0, v0)T ∈ E, there
exists a unique solution 	(t) = (u(t), v(t))T of (65) such that 	 ∈ C1(R+;E), which
implies that maps
S(t) : 	(0) = (u0, v0) ∈ E → 	(t) = (u(t), v(t)) ∈ E, t0 (70)
generate a continuous semigroup {S(t)}t0 on E, where v(t) = u˙(t) + ε0u(t).
4.2. Absorbing set
In this subsection, we prove the existence of an absorbing set for the semigroup
{S(t)}t0 in E. First, we present a decomposition of positivity of the nonlinear operator
C which plays a basic role in this section.
Lemma 1. If (42)–(45) hold and
a1() max
{

2c3c0(2m0 + 1)2kcm02 (+ )
,
2
c3c0k
,
ε0
c3c0k
}
, (71)
then for any 	 = (u, v)T ∈ E,
(C(	),	)E

2
‖	‖2E +

4
‖v‖2, (72)
where
c3 = cm0−12 + · · · + c2 + 1,  =
0
42 + 60
. (73)
Proof. By assumptions (42)–(45), the deﬁnition of (·, ·)E in (63), (68), (69) and  =
1 − ε0 ∈ [0, 1],
(C(	),	)E = ε0
k∑
j=1
(Dju,Dju) − 
k∑
j=1
(Djv,Dju) + ε0(u, u), − (v, u),
+(u + (1 − ε0)Au + ε20u + Av − ε0v, v)
+(h(v − ε0u), v). (74)
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Let us calculate each term in (74). By (49), (50), for 0 lm0,
(‖i‖1 + l) − (‖i‖1)ij l − i = (‖ij l‖1) − (‖i‖1)(‖ij l‖1 − l) − (‖i‖1),
|(‖i‖1 + l) − (‖i‖1)|  a1()(|(‖i‖1 + l − 1)| + · · · + (‖i‖1 + 1) + (‖i‖1)|)
 a1()
(
cl−12 + cl−22 + · · · + c2 + 1
)
(‖i‖1)
= a1()c3(‖i‖1),
|(‖i‖1 − l) − (‖i‖1)|a1()c3(‖i‖1),
|ij l − i | max{|(‖i‖1 + l) − (‖i‖1)|, |(‖i‖1 − l) − (‖i‖1)|}a1()c3(‖i‖1),
thus,
(Dj (v))i − i (Djv)i =
l=m0∑
l=−m0
dj,lij l vijl − i
⎛⎝ l=m0∑
l=−m0
dj,lvijl
⎞⎠
=
l=m0∑
l=−m0
dj,lvijl (ij l − i ), (75)
∑
i∈Zk
k∑
j=1
(Dju)i[(Dj (v))i − i (Djv)i]

∑
i∈Zk
∣∣∣∣∣∣
k∑
j=1
(Dju)i
∣∣∣∣∣∣ ·
l=m0∑
l=−m0
|dj,l | · |vijl | · |ij l − i |
a1()c3c0
∑
i∈Zk
∣∣∣∣∣∣
k∑
j=1
(Dju)i
∣∣∣∣∣∣ ·
l=m0∑
l=−m0
|vijl | · (‖i‖1)
 1
2
a1()c3c0
∑
i∈Zk
⎡⎢⎣k k∑
j=1
i (Dju)
2
i +
⎛⎝ l=m0∑
l=−m0
|vijl |
⎞⎠2 · i
⎤⎥⎦
 1
2
a1()c3c0
⎡⎣k k∑
j=1
‖Dju‖2 + (2m0 + 1)kcm02
∑
i∈Zk
l=m0∑
l=−m0
v2ij lij l
⎤⎦
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 1
2
a1()c3c0
⎡⎣k k∑
j=1
‖Dju‖2 + c4‖v‖2
⎤⎦ , (76)
where c4 = (2m0 + 1)2kcm02 .
(Au, v) =
⎛⎝ k∑
j=1
D¯jDju, v
⎞⎠ = k∑
j=1
(Dju,Dj (v))
=
∑
i∈Zk
k∑
j=1
(Dju)i(Dj (v))i
=
k∑
j=1
(Dju,Djv) +
∑
i∈Zk
k∑
j=1
(Dju)i[(Dj (v))i − i (Djv)i]

k∑
j=1
(Dju,Djv) − 12a1()c3c0
⎡⎣k k∑
j=1
‖Dju‖2 + c4‖v‖2
⎤⎦ , (77)
(Av, v) 
k∑
j=1
‖Djv‖2 −
1
2
a1()c3c0
⎡⎣k k∑
j=1
‖Djv‖2 + c4‖v‖2
⎤⎦
=
k∑
j=1
(
1 − 1
2
a1()c3c0k
)
‖Dju‖2 −
1
2
a1()c3c0c4‖v‖2, (78)
ε20(u, v) + (h(v − ε0u), v)
=
∑
i∈Zk
ih
′
i (
˜i (vi − ε0ui))v2i + ε0
∑
i∈Zk
i (ε0 − h′i (
˜i (vi − ε0ui)))uivi
‖v‖2 − ε0(− ε0)‖u‖ · ‖v‖, (79)
(v, u), = (u, v).
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By (74),
(C(	),	)E 
ε0
2
‖u‖2,, + (− ε0)‖v‖2 − ε0(− ε0)‖u‖ · ‖v‖
+ 
2
[ε0 − a1()c3c0k]‖Du‖2 −
a1()
2
c3c0c4(+ )‖v‖2
+
(
1 − a1()c3c0k
2
)
‖Dv‖2
 ε0
2
‖u‖2,, +
(
3
4
− ε0
)
‖v‖2 − ε0‖u‖ · ‖v‖. (80)
From (57) and (73), we have
(ε0 − )(− 2ε0 − ) > 
2ε20
0
, (81)
then by (80), (81),
(C(	),	)E − 2‖	‖
2
E −

4
‖v‖2
 1
2
(ε0 − )‖u‖2,, +
(
2
− ε0 − 2
)
‖v‖2 −
ε0√
0
‖u‖2,, · ‖v‖
0.
Thus, the proof is completed. 
Lemma 2. If (41)–(45) hold, then the semigroup {S(t)}t0 has a bounded absorbing
set of E, B0 = B0(0, r0), centered at 0 with radius r0 = 2
√
1

(
M0
√
a2() + ‖g‖
)
(independent of i). Therefore, there exists a constant T00 (depending on B0) such
that
S(t)B0 ⊂ B0, ∀tT0. (82)
Proof. Assume that (41)–(45) hold. Let 	(t) = (u(t), v(t))T ∈ E be a solution of (65),
where v(t) = u˙(t)+ε0u(t). Taking the inner product (·, ·)E of (65) with 	(t), we have
1
2
d
dt
‖	‖2E + (C(	),	)E = (−f (u) + g, v). (83)
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By (41),
‖f (u)‖2 =
∑
i∈Zk
if
2
i (ui)M20
∑
i∈Zk
iM20a2(),
(−f (u) + g, v)  1

(‖f (u)‖ + ‖g‖)2 + 4 ‖v‖
2

 1

(
M0
√
a2() + ‖g‖
)2 + 
4
‖v‖2. (84)
By (72), (83), (84), we ﬁnd
d
dt
‖	‖2E + ‖	‖2E
2

(
M0
√
a2() + ‖g‖
)2
, (85)
by Gronwall’s inequality to (85),
‖	(t)‖2E‖	(0)‖2Ee−t +
2

(
M0
√
a2() + ‖g‖
)2
, ∀t0. (86)
Inequality (86) implies that the semigroup {S(t)}t0 possesses a bounded absorbing
set B0 = B0(0, r0) ⊂ E, centered at 0 with radius r0 = 2
√
1

(
M0
√
a2() + ‖g‖
)
.
The proof is completed. 
4.3. Global attractor
To obtain the existence of a global attractor for the semigroup {S(t)}t0 deﬁned by
(65) on E, we need to prove condition (II) of Theorem 1.
Lemma 3. If (41)–(45) hold, then ∀ > 0, there exist T () and I () such that the
solution 	(t) = (	i )i∈Zk = ((ui(t)), (vi(t)))i∈Zk ∈ E of problem (65) with 	(0) ∈ B0,
v(t) = u˙(t) + ε0u(t), satisﬁes∑
|i| I ()
‖	i (t)‖2,, =
∑
|i| I ()
(i (Du(t))
2
i + iiui(t)2 + ivi(t)2)
 , ∀tT (). (87)
Proof. Choosing a smooth increasing function 
 ∈ C1(R+, R) satisﬁes⎧⎨⎩

(s) = 0, 0s1,
0
(s)1, 1s2,

(s) = 1, s2,
(88)
and there exists a constant M2 such that |
′(s)|M2 for s ∈ R+.
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Let 	(t) = (u(t), v(t)) = (	i (t))i∈Zk = ((ui(t)), (vi(t)))i∈Zk be a solution of (65),
where v(t) = u˙(t) + ε0u(t), 	i = (ui, vi), ε0 is as in (57). Let M be a ﬁxed integer.
Set wi = 

( |i|
M
)
ui , zi = 

( |i|
M
)
vi , ∀i ∈ Zk , y = (w, z) = ((wi), (zi))i∈Zk . Taking the
inner product (·, ·)E of (65) with y, we have
(	˙, y)E + (C(	), y)E = (F (	), y)E. (89)
Let us estimate each term in (89). By the properties of 
 and (45),
∣∣∣∣(Djw)i − 
(‖i‖1M
)
(Dju)i
∣∣∣∣ M2m0c0M
l=m0∑
l=−m0
∣∣uijl ∣∣ , ∀tT0,
where T0 is deﬁned by (82), and
∣∣∣∣∣∣
∑
i∈Zk
i (Dj u˙)i[(Djw)i − 

(‖i‖1
M
)
(Dju)i](t)
∣∣∣∣∣∣  c5M , ∀tT0,
for a constant c5 = M2m0(2m0 + 1)2kc20cm02 [1 + (ε
2
0+1)
0
]r20 . Thus, for any tT0,
(	˙, y)E = ((u˙, v˙)T , (w, z)T )E
= (Du˙,Dw) + (u˙, w), + (v˙, z)
=
∑
i∈Zk
{
i (Du˙)i
[


(‖i‖1
M
)
(Du)i + (Dw)i − 

(‖i‖1
M
)
(Du)i
]
+i

(‖i‖1
M
)
u˙iui + 

(‖i‖1
M
)
i v˙ivi
}

∑
i∈Zk


( |i|
M
)
i[(Du˙)j (Du)j + i u˙j uj + v˙j vj ] −
c5
M
 1
2
d
dt
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2E −
c5
M
, (90)
where
‖	i‖2,, = i (Du(t))2i + iiui(t)2 + ivi(t)2. (91)
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For the second term in (89), we have
(C(	), y)E = ε0
k∑
j=1
(Dju,Djw) − 
k∑
j=1
(Djv,Djw) + ε0(u,w), − (v,w),
+(u + Au + ε20u + Av − ε0v, z) + (h(v − ε0u), z). (92)
Let us calculate each term in (92). Similar to (75), (76),
(Dj (z))i − i (Dj z)i
=
l=m0∑
l=−m0
dj,lvijl
[


(‖i‖1
M
)
(ij l − i ) +
(


(‖ij l‖1
M
)
− 

(‖i‖1
M
))
ij l
]

l=m0∑
l=−m0
dj,lvijl
[


(‖i‖1
M
)
(ij l − i ) +
M2m0
M
ij l
]
,
∑
i∈Zk
k∑
j=1
(Dju)i[(Dj (z))i − i (Dj z)i]
 1
2
a1()c3c0
∑
i∈Zk


(‖i‖1
M
)⎡⎣k k∑
j=1
(Dju)
2
i + c4iv2i
⎤⎦+ c6
M
, tT0,
where c6 = M2m0cm0/22 c0[k + (2m0 + 1)2k]r20 . Similar to (77)–(79), for tT0,
(Au, z) 
k∑
j=1
(Dju,Djz) − c6
M
−1
2
a1()c3c0
∑
i∈Zk


(‖i‖1
M
)
i
⎡⎣k k∑
j=1
(Dju)
2
i + c4v2i
⎤⎦ ,
(Av, z) 
∑
i∈Zk


(‖i‖1
M
)
i
k∑
j=1
(
1 − 1
2
a1()c3c0k
)
(Djv)
2
i −
c6
M
−1
2
a1()c3c0c4
∑
i∈Zk


(‖i‖1
M
)
iv
2
i ,
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ε20(u, z) + (h(v − ε0u), z)
∑
i∈Zk


(‖i‖1
M
)
i[v2i − ε0(− ε0)|ui | · |vi |].
By (92), we have
(C(	), y)E
∑
i∈Zk


(‖i‖1
M
)
i
[
2
‖	i‖2,, +

4
v2i
]
− c6(+ )
M
, (93)
where  is deﬁned by (73). And
(F (	), y)E
∑
i∈Zk


(‖i‖1
M
)
i
[
2

(M20 + g2i ) +

4
v2i
]
. (94)
Putting inequalities (90), (93), (94) into (89), we obtain
d
dt
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2,, + 
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2,,
 4

M20
∑
‖i‖1>M
i +
4

∑
‖i‖1>M
ig
2
i +
2C0
M
, ∀tT0, (95)
where
C0 = c6(+ ) + c5
(independent of M). Since g ∈ 2 and (51), for any  > 0, there exists K() such that
when MK(),
4

M20
∑
‖i‖1>M
i +
4

∑
‖i‖1>M
ig
2
i +
2C0
M
/2, ∀tT0,
i.e., for tT0, MK(),
d
dt
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2,, + 
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2,,/2, (96)
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by Gronwall’s inequality to (96),
∑
i∈Zk


(‖i‖1
M
)
‖	i‖2,,  e−(t−T0)
∑
i∈Zk


(‖i‖1
M
)
‖	i (T0)‖2,, +

2
 e−(t−T0)r20 +

2
, ∀tT0, (97)
implying (87). The proof is completed. 
Theorem 3. If (41)–(45) hold, then the semigroup {S(t)}t0 possesses a global at-
tractor  in E.
5. Fractal dimension of global attractors for ﬁrst-order, partly dissipative and
second-order dissipative lattice systems
In general, for LDSs, it is not easy to estimate the dimension of the attractor. But
for some “strongly dissipative” LDSs, their attractors may be ﬁnite-dimensional. In this
section, we prove that the attractors for the ﬁrst-order lattice system, partly dissipative
lattice system and second-order dissipative lattice system studied in [4,23,28–30] have
ﬁnite fractal dimension under some conditions on f ′i (0) based on Proposition 2.
5.1. First-order lattice dynamical system
Let us consider the following ﬁrst-order lattice dynamical system with initial condi-
tions: {
u˙i + (Au)i + iui + fi(ui) = gi, i ∈ Zk, t > 0,
ui(0) = ui,0, i = (i1, i2, . . . , ik) ∈ Zk, (98)
where u = (ui)i∈Zk , i > 0, gi are given, fi ∈ C1(R;R), i ∈ Zk , satisfy some
dissipative conditions; A is as in Section 4. If the operator A is given by (46), then
Eqs. (98) can be regarded as a discrete analogue of the following continuous reaction–
diffusion equation in Rk:
ut − u + (x)u + f (u, x) = g(x), x ∈ Rk. (99)
The asymptotical behaviors to Eq. (99) have been widely studied by many authors. We
assume that
sfi(s)0, ∀s ∈ R, i ∈ Zk; (100)
sup
i∈Zk
max
s∈[−r,r] |f
′
i (s)|K0(r), ∀r ∈ R+; (101)
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where K0 : R+ → R+ is a positive-value continuous function. Problem (98) can be
written as the following ﬁrst-order lattice dynamical system with initial condition:{
u˙ + Au + u + f (u) = g, t > 0,
u(0) = (ui,0)i∈Zk , (102)
where u = (ui)i∈Zk , u = (iui)i∈Zk , f (u) = (fi(ui))i∈Zk , g = (gi)i∈Zk ∈ 2.
It is known in [4,29] that under conditions (100)–(101), (43), maps of solutions u(t)
of (102) form a semigroup {S0(t)t0} on 2, S0(t) : 2 → 2, u(0) → u(t), and the
semigroup {S0(t)}t0 possesses a global attractor 0 included in the bounded ball
B0 = B0(0, r0), centered at 0 with radius r0 = 20 ‖g‖2 (independent of i) satisfying
S0(t)0 = 0 for all t ∈ R, where ‖ · ‖ denotes the norm of 2. Furthermore, for the
solution u(t) = (ui(t))i∈Zk with u(0) ∈ 0, we have
‖u(t)‖2 =
∑
i∈Zk
u2i (t)r20 , ∀t0, (103)
and ∀ > 0, there exists I () such that for all u = (ui)i∈Zk ∈ 0,∑
‖i‖1>I ()
u2i 2, (104)
where I () is the least integer J satisfying
C1
J
r20 +
1
0
∑
‖i‖1>J
g2i 2, ∀J I (), (105)
where C1 is independent of J .
Now we estimate the fractal dimension of the global attractor 0 ⊂ 2 based on
Proposition 2.
Theorem 4. If (43), (100), (101) hold, then the global attractor 0 ⊂ 2 has ﬁnite
fractal dimension.
Proof. Let u0, v0 ∈ 0, u(t) = S0(t)u0, v(t) = S0(t)v0, w(t) = u(t) − v(t) =
(wi(t))i∈Zk ; then{
w˙ = −Aw − w − [f (u) − f (v)], t > 0,
w(0) = u0 − v0. (106)
By Proposition 2, if there exists T > 0 such that S(T ) : 0 	→ 0 satisﬁes that
‖u(T ) − v(T )‖ = ‖S(T )u0 − S(T )v0‖L‖u0 − v0‖2, L > 0, (107)
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and there exist compact seminorms n0(x) on 2 such that
‖u(T ) − v(T )‖ = ‖S(T )u0 − S(T )v0‖2‖u0 − v0‖2 + K · n0(u0 − v0), (108)
where 0 <  < 1 and K > 0 are constants, then 0 has a ﬁnite fractal dimension.
Taking the inner product (·, ·) in (106) with w, we have
1
2
d
dt
‖w(t)‖2  −‖Dw‖2 − 0‖w‖2 − (f (u) − f (v), w)2
 −0‖w‖2 −
∑
i∈Zk
[fi(ui) − fi(vi)]wi
= −0‖w‖2 −
∑
i∈Zk
f ′i (vi + ϑi (ui − vi))w2i
 [−0 + K0(r0)]‖w(t)‖2, t0, ϑi ∈ (0, 1), (109)
thus,
‖u(t)−v(t)‖=‖w(t)‖e[−0+K0(r0)]t‖w(0)‖=e[−0+K0(r0)]t‖u0 − v0‖, t0. (110)
By (100), f ′(0)0, so there exists 0 > 0 such that f ′i (s) − 02 for |s|0. For
this 0 > 0, there exists I0(0) such that for u = (ui)i∈Zk , v = (vi)i∈Zk ∈ 0,∑
‖i‖1>I0(0) u
2
i 
2
0,
∑
‖i‖1>I0(0) v
2
i 
2
0, thus, for ‖i‖1 > I0(0), |vi+ϑi (ui−vi)|0,
f ′i (vi + ϑi (ui − vi)) − 02 . By (109),
d
dt
‖w(t)‖2  −20‖w‖2 − 2
⎛⎝ ∑
‖i‖1 I0(0)
+
∑
‖i‖1>I0(0)
⎞⎠ f ′i (vi + ϑi (ui − vi))w2i
 −0‖w‖2 − 2
∑
‖i‖1 I0(0)
f ′i (vi + ϑi (ui − vi))w2i
 −0‖w(t)‖2 + 2K0(r0)
∑
‖i‖1 I0(0)
w2i (t), t0, (111)
thus,
‖w(t)‖2  e−0t‖w(0)‖2 +
∫ t
0
2K0(r0)
∑
‖i‖1 I0(0)
w2i (s)e
−0(t−s) ds
 e−0t‖w(0)‖2 + 2K0(r0)
0
∑
‖i‖1 I0(0)
max
s∈[0,t] |w
2
i (s)|, (112)
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that is, for T > 0,
‖u(T ) − v(T )‖e−0T/2‖u0 − v0‖ +
√
2K0(r0)
0
∑
‖i‖1 I0(0)
max
s∈[0,T ] |ui(s) − vi(s)|.
(113)
It is easy to check that n0(u0 − v0) = ∑‖i‖1 I0(0) maxs∈[0,T ] |ui(s) − vi(s)| is a
compact seminorm with respect to (u0 − v0) ∈ 2 since (um0 − vm0) → 0 weakly in
2 implies that maxs∈[0,T ] |ui(s) − vi(s)| → 0 for all ‖i‖1I0(0) by the uniformly
continuity of solutions u(s) and v(s) on [0, T ] and (110). Hence 0 has a ﬁnite fractal
dimension. 
5.2. Partly dissipative lattice dynamical system
Let us consider the following partly dissipative lattice dynamical system with initial
conditions which was studied in [23]:⎧⎨⎩
u˙i + i (Au)i + iui + fi(ui) + ivi = hi,
v˙i + ivi − iui = gi, i ∈ Zk, t > 0,
ui(0) = ui,0, vi(0) = vi,0, i = (i1, i2, . . . , ik) ∈ Zk,
(114)
or ⎧⎨⎩
u˙ + Au + u + f (u) + v = h,
v˙ + v − u = g, t > 0,
u(0) = (ui,0)i∈Zk , v(0) = (vi,0)i∈Zk ,
(115)
where u = (ui)i∈Zk , v = (vi)i∈Zk , u = (iui)i∈Zk , f (u) = (fi(ui))i∈Zk , v =
(ivi)i∈Zk , g = (gi)i∈Zk ∈ 2, h = (hi)i∈Zk ∈ 2, v = (ivi)i∈Zk , u = (iui)i∈Zk ,
fi ∈ C1(R;R) (i ∈ Zk) satisfy some dissipative conditions, A is deﬁned as above, i ,
i , i , i , i > 0 satisfy
0 < 0i0 < ∞, 0 < 0i0 < ∞, 0 < 0i0 < ∞,
0 < 0i0 < ∞, 0 < 0i0 < ∞, i ∈ Zk. (116)
Eqs. (115) can be regarded as a discrete analogue of the following continuous partly
dissipative reaction–diffusion equation in Rk:{
ut − (x)u + (x)u + f (x, u) + (x)v = h(x),
vt + (x)v − (x)u = g(x), x ∈ Rk, t > 0, (117)
if the operator A is given by (46).
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It is known in [23] that under conditions (100), (101), (116), maps of solutions
(t) = (u(t), v(t)) of (115) form a semigroup {S1(t)t0} on 2 × 2, S1(t) : (0) =
(u(0), v(0)) → (t) = (u(t), v(t)), the semigroup {S1(t)}t0 possesses a global attrac-
tor 1 ⊂ 2 × 2 included in the bounded ball B1 = B1(0, r1), centered at 0 with
radius r1 =
√
2
0
(
0
0
‖h‖2 + 00 ‖g‖2
)
(independent of i), 0 = min{0, 0}, satisfying
S1(t)1 = 1 for all t ∈ R. Furthermore, for the solution (t) = (ui(t), vi(t))i∈Zk with
(0) ∈ 1, we have
‖(t)‖2 =
∑
i∈Zk
(u2i (t) + v2i (t))r21 , ∀t0, (118)
and ∀ > 0, there exists I1() such that for all  = (ui, vi)i∈Zk ∈ 1,∑
‖i‖1>I1()
(u2i + v2i )2, (119)
where I1() is the least integer satisfying
C2
I1()
+ 1
min{0, 0}
∑
‖i‖1>I1()
(
h2i
i
+ g
2
i
i
)
, (120)
where C2 is independent of I1().
We have the following estimate on the fractal dimension of the global attractor
1 ⊂ 2 × 2.
Theorem 5. If (100), (101), (116) hold, then the global attractor 1 ⊂ 2 × 2 has
ﬁnite fractal dimension.
Proof. Let l0 ∈ 1, l (t) = S1(t)l0, (t) = 1(t) − 2(t) = (i (t), i (t))i∈Zk ,
i = u1i − u2i ; then{
˙+ A+ + f (u1) − f (u2) +  = 0,
˙+ −  = 0, t > 0. (121)
Taking the inner product (·, ·) in ﬁrst and second equation of (121) with , ,
respectively, we have
d
dt
∑
i∈Zk
(i
2
i (t) + i2i (t))
 − 20
∑
i∈Zk
(i
2
i (t) + i2i (t)) − 2(f (u1) − f (u2), )
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= −20
∑
i∈Zk
(i
2
i (t) + i2i (t)) − 2
∑
i∈Zk
f ′i (u2i + ϑi (u1i − u2i ))i2i
[−20 + 2K0(r1)]
∑
i∈Zk
(i
2
i (t) + i2i (t)), t0, ϑi ∈ (0, 1), (122)
thus,
0‖(t)‖2 + 0‖(t)‖2 
∑
i∈Zk
(i
2
i (t) + i2i (t))
 e2[−0+K0(r1)]t (0‖(0)‖2 + 0‖(0)‖2),
that is,
‖(t)‖
√
max{0, 0}
min{0, 0}
e[−0+K0(r0)]t‖(0)‖, t0. (123)
Similar to Section 5.1, there exists I1(0) such that for ‖i‖1 > I1(0), f ′i (u2i+ϑi (u1i−
u2i )) − 02 . By (122),
d
dt
∑
i∈Zk
(i
2
i (t) + i2i (t))
 − 20
∑
i∈Zk
(i
2
i (t) + i2i (t))
−2
⎛⎝ ∑
‖i‖1 I0(0)
+
∑
‖i‖1>I0(0)
⎞⎠ f ′i (u2i + ϑi (u1i − u2i ))i2i
 − 0
∑
i∈Zk
(i
2
i (t) + i2i (t)) + 2K0(r1)0
∑
‖i‖1 I1(0)
2i (124)
thus,
i
2
i (t) + i2i (t)
e−0t (0‖(0)‖2 + 0‖(0)‖2) + 2K0(r1)
0
0
∑
‖i‖1 I1(0)
max
s∈[0,t] |
2
i (s)|,
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that is, for T > 0,
‖(T )‖e−0T/2
√
max{0, 0}
min{0, 0}
‖(0)‖ + 2K0(r1)
0
0
∑
‖i‖1 I1(0)
max
s∈[0,T ] |i (s)|, (125)
where
∑
‖i‖1 I1(0) maxs∈[0,T ] |i (s)| is a compact seminorm with respect to (10 −
20) ∈ 2 × 2, thus 1 has a ﬁnite fractal dimension in 2 × 2. 
5.3. Second-order dissipative lattice dynamical system
Let us consider the second-order lattice dynamical system (40) in Section 4, where
the functions fi satisfy (101) and
fi(s)sGi(s)0,  > 0, Gi(s) =
∫ s
0
fi(r) dr, ∀ s ∈ R, i ∈ Zk; (126)
and hi , i satisfy (42)–(43), g = (gi)i∈Zk ∈ 2.
Let E1 = 2,,1 × 2,  = 1 − p, 0 < p min
{
0
2+40 ,
1

}
. Let v = u˙ + pu; then
system (126) is equivalent to the following initial value problem in E1:
	˙+ C(	) = F(	), 	(0) = (u0, v0)T = (u0, u10 + pu0)T , (127)
where 	 = (u, v)T , v = u˙ + pu, F(	) = (0,−f (u) + g)T , C(	) = C1(	) + H(	),
C1(	) =
(
pu − v
Au + u − pAu + p2u + Av − pv
)
, (128)
H(	) =
(
0
h(v − pu)
)
,
u = (ui)i∈Zk , Au˙ = ((Au˙)i)i∈Zk , h(u˙) = (hi(u˙i))i∈Zk , Au = (Aui)i∈Zk , u =
(iui)i∈Zk , f (u) = (fi(ui))i∈Zk , g = (gi)i∈Zk , C1(	) is a linear operator from E1
into itself.
From [30,28], the solution 	(t) of (127) exists globally in R+, and maps of solution
S(t) : 	(0) = (u0, v0) ∈ E1 → 	(t) = (u(t), v(t)) ∈ E1, t0 generate a continuous
semigroup {S2(t)}t0 on E1, where v(t) = u˙(t) + pu(t). The semigroup {S2(t)}t0
possesses a global attractor 2 included in the bounded ball B2 = B2(0, r2), cen-
tered at 0 with radius r2 = 21 ‖g‖2 (independent of i) satisfying S2(t)2 = 2 for
all t ∈ R, where 1 = min
{
20√
2+40(+
√
2+40
, p
}
. Furthermore, for the solution
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	(t) = (	i )i∈Zk = ((ui(t), (vi(t))i∈Zk ∈ E of (12) with 	(0) ∈ 2, we have
‖	(t)‖2E1 =
∑
i∈Zk
⎛⎝ k∑
j=1
(Dju(t))
2
i + iui(t)2 + vi(t)2
⎞⎠ r22 , ∀t0, (129)
and ∀ > 0, there exists I () such that for 	(t) = (	i )i∈Zk ∈ 2,
∑
‖i‖1 I ′()
‖	i‖2E =
∑
‖i‖1>I ′()
⎛⎝ k∑
j=1
(Dju)
2
i + iui2 + vi2
⎞⎠ , (130)
where I ′() satisﬁes
C3
I ′()
+ 1

∑
‖i‖1>I ′()
g2i 2, (131)
C3 is a constant independent of I ′().
Theorem 6. If (42), (43), (101), (126) hold and |f ′i (0)|01/2, i ∈ Zk , then the
global attractor 2 ⊂ E1 has ﬁnite fractal dimension, where
1 = 0√
2 + 40
(
+
√
2 + 40
) . (132)
Proof. Let 	10, 	20 ∈ 2, 	l (t) = S2(t)	l0 = (ul, vl), l = 1, 2, (t) = 	1(t)−	2(t);
then
˙ = −C1() − H(	1) + H(	2) + F(	1) − F(	2), (0) = (0, 0)T , (133)
where  = (, )T ,  = u1 − u2,  = ˙+ p, F(	1) − F(	2) = (0,−f (u1) + f (u2)).
By [30], we have
(C1() + H(	1) − H(	2),)E1‖‖2E +

2
‖‖2. (134)
Taking the inner product (·, ·)E in (133) with , we have
1
2
d
dt
‖(t)‖2 = (−C1() − H(	1) + H(	2),)E + (F (	1) − F(	2),)E
 −1‖‖2E −

2
‖‖2 − (−f (u1) + f (u2), )
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 −1‖‖2E +
1
2
‖f (u1) − f (u2)‖2
= −1‖‖2E +
1
2
∑
i∈Zk
f ′i (u2i + ϑi (u1i − u2i ))2i

[
−1 + 120K0(r1)
]
‖(t)‖2, t0, ϑi ∈ (0, 1), (135)
thus,
‖	1(t) − 	2(t)‖ = ‖(t)‖e[−1+
1
20
K0(r1)]t‖(0)‖
= e[−1+ 120K0(r1)]t‖	1(0) − 	2(0)‖, t0. (136)
If |f ′i (0)|01/2, i ∈ Zk , so, there exists 1 > 0 such that |f ′i (s)|01 for|s|1; thus, there exists I1(1) such that for 	l = (	li )i∈Zk ∈ 2,
∑
‖i‖1>I1(1)
‖	li‖2E =
∑
‖i‖1>I1(1)
⎛⎝ k∑
j=1
(Djul)
2
i + iuli2 + vli2
⎞⎠ 021, (137)
thus, for ‖i‖1 > I1(1), |u2i + ϑi (u1i − u2i )|1, f ′i (u2i + ϑi (u1i − u2i ))01. By
(135),
d
dt
‖(t)‖2  −21‖‖2E +
1

⎛⎝ ∑
‖i‖1 I1(1)
+
∑
‖i‖1>I1(1)
⎞⎠ f ′i (u2i + ϑi (u1i − u2i ))2i
 −1‖‖2E +
1

∑
‖i‖1 I1(1)
f ′i (vi + ϑi (ui − vi))2i , ϑi ∈ (0, 1)
 −1‖‖2E +
1

K0(r1)
∑
‖i‖1 I1(1)
2i (t), t0, (138)
thus,
‖(t)‖2 e−1t‖(0)‖2 + 1
1
K0(r1)
∑
‖i‖1 I1(1)
max
s∈[0,t] |
2
i (s)|, t0, (139)
that is,
‖	1(T ) − 	2(T )‖e−
1T
2 ‖	10 − 	20‖
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+
√
K0(r1)
1
∑
‖i‖1 I1(1)
max
s∈[0,T ] |u1i (s) − u2i (s)|. (140)
It is easy to check that n1(	10 − 	20) =
∑
‖i‖1 I1(1) maxs∈[0,T ] |u1i (s) − u2i (s)| is a
compact seminorm with respect to (	10 −	20) ∈ E, which implies that 2 has a ﬁnite
fractal dimension. 
Remark 2. Here we just prove that the global attractors for ﬁrst-order and second-
order and partly dissipative lattice systems have ﬁnite fractal dimension, but we did
not obtain the “concrete” upper bound of fractal dimension of attractor, which is an
open problem.
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